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linear programming

dl of stuff
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minimize x + 1.5y =: f (x , y) price
subject to 30x + 90y ≥ 270 caffeine

40x + 30y ≥ 120 sugar
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linear programming

dl of stuff
brown green

minimize x + 1.5y =: f (x , y) price
subject to 30x + 90y ≥ 270 caffeine

40x + 30y ≥ 120 sugar
40x + 30y ≤ 180 aspartame

x , y ≥ 0

maximmize −x −1.5y =: f (x , y , s1, s2, s3)
subject to −30x −90y +s1 = −270

−40x −30y +s2 = −120
40x +30y +s3 = 180

x , y , s1, s2, s3 ≥ 0

c =


−1
−1.5

0
0
0

 A =

 −30 −90 1 0 0
−40 −30 0 1 0
30 40 0 0 1

 b =

 −270
−120
200



max
x∈R5

{
cTx | Ax = b, x ≥ 0

}
.
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maxx∈Rn
{
cTx | Ax = b, x ≥ 0

}

c =



−1

−1.5

0

0

0


A =


−30 −90 1 0 0

−40 −30 0 1 0

30 40 0 0 1

 b =


−270

−120

200



constraints x y s1 s2 s3

x = y = 0 0 0 −270 −120 180

x = s1 = 0 0 3 0 −30 90

x = s2 = 0 0 4 90 0 60 A

x = s3 = 0 0 6 270 60 0 B

y = s1 = 0 9 0 0 240 −180

y = s2 = 0 3 0 −180 0 60

y = s3 = 0 4.5 0 −135 60 0

s1 = s2 = 0 1 8
3 0 0 60 C

s1 = s3 = 0 3 2 0 60 0 D

s2 = s3 = 0 no solution
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A =


−30 −90 1 0 0

−40 −30 0 1 0

30 40 0 0 1

 A{1,2} =


−30 −90

−40 −30

30 40

 A{3,4,5} =


1 0 0

0 1 0

0 0 1



maxx∈Rn

{
cTx | Ax = b, x ≥ 0

}
, A ∈ Rm×n

basic solution: x ∈ Rn, there is a set B ⊆ {1, . . . , n}, |B| = m:

1. the matrix AB ∈ Rm×m has full rank, m (i.e. is non-singular)
2. xj = 0 for all j 6∈ B

Let cTx be bounded from above. Let x0 be feasible.

there is some feasible basic solution x̃, for which cTx̃ ≥ cTx0.
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

maxx∈Rn

{
cTx | Ax = b, x ≥ 0

}
, A ∈ Rm×n

basic solution: x ∈ Rn, there is a set B ⊆ {1, . . . , n}, |B| = m:

1. the matrix AB ∈ Rm×m has full rank, m (i.e. is non-singular)
2. xj = 0 for all j 6∈ B

Let cTx be bounded from above. Let x0 be feasible.

there is some feasible basic solution x̃, for which cTx̃ ≥ cTx0.
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simplex method

maximize x + y + z =: f (x , y , z)

subject to x + y + 2z ≤ 9

4x + y + 5z ≤ 24

3y + z ≤ 12

z ≤ 4

x , y , z ≥ 0

x

y

z

(0, 0, 4)

(1, 0, 4)

(0, 3, 3)

(0, 4, 0)

(5, 4, 0)

(6, 0, 0)

(0, 1, 4)

f = x + y + z

s1 = 9 − x − y − 2z

s2 = 24 − 4x − y − 5z

s3 = 12 − 3y − z

s4 = 4 − z

(0, 0, 4)
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simplex method

maximize x + y + z =: f (x , y , z)

subject to x + y + 2z ≤ 9

4x + y + 5z ≤ 24

3y + z ≤ 12

z ≤ 4

x , y , z ≥ 0

x

y

z

(0, 0, 4)

(1, 0, 4)

(0, 3, 3)

(0, 4, 0)

(5, 4, 0)

(6, 0, 0)

(0, 1, 4)

f = 4 + x + y − s4

z = 4 − s4

s1 = 1 − x − y + 2s4

s2 = 4 − 4x − y + 5s4

s3 = 8 − 3y + s4

(0, 0, 4)
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simplex method

maximize x + y + z =: f (x , y , z)

subject to x + y + 2z ≤ 9

4x + y + 5z ≤ 24

3y + z ≤ 12

z ≤ 4

x , y , z ≥ 0

x

y

z

(0, 0, 4)

(1, 0, 4)

(0, 3, 3)

(0, 4, 0)

(5, 4, 0)

(6, 0, 0)

(0, 1, 4)

f = 5 − s1 + s4

y = 1 − x − s1 + 2s4

z = 4 − s4

s2 = 3 − 3x + s1 + 3s4

s3 = 5 + 3x + 3s1 − 5s4

(0, 0, 4)

(0, 1, 4)
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simplex method

maximize x + y + z =: f (x , y , z)

subject to x + y + 2z ≤ 9

4x + y + 5z ≤ 24

3y + z ≤ 12

z ≤ 4

x , y , z ≥ 0

x

y

z

(0, 0, 4)

(1, 0, 4)

(0, 3, 3)

(0, 4, 0)

(5, 4, 0)

(6, 0, 0)

(0, 1, 4)

f = 6 + 3
5 x − 2

5 s1 − 1
5 s3

y = 3 + 1
5 x + 1

5 s1 − 2
5 s3

z = 3 − 3
5 x − 3

5 s1 + 1
5 s3

s2 = 6 − 6
5 x + 14

5 s1 − 3
5 s3

s4 = 1 + 3
5 x + 3

5 s1 − 1
5 s3

(0, 0, 4)

(0, 3, 3)
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simplex method

maximize x + y + z =: f (x , y , z)

subject to x + y + 2z ≤ 9

4x + y + 5z ≤ 24

3y + z ≤ 12

z ≤ 4

x , y , z ≥ 0

x

y

z

(0, 0, 4)

(1, 0, 4)

(0, 3, 3)

(0, 4, 0)

(5, 4, 0)

(6, 0, 0)

(0, 1, 4)

f = 9 − z − s1

x = 5 − 5
3 z − s1 + 1

3 s3

y = 4 − 1
3 z − 1

3 s3

s2 = 2z + 4s1 − s3

s4 = 4 − z

(0, 0, 4)

(5, 4, 0)



Príprava štúdia matematiky a informatiky na FMFI UK v anglickom jazyku ITMS: 26140230008

degenerate steps and infinite loops

maximize y =: f (x , y)

subject to − x + y ≤ 0

x ≤ 2

x , y ≥ 0

x ≥ 0 x ≤ 2

x ≥ y

y ≥ 0

0 1 2

1

2

f = y

s1 = x −y

s2 = 2 − x

f = x − s1

y = x −s1

s2 = 2 − x
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degenerate steps and infinite loops

maximize y =: f (x , y)

subject to − x + y ≤ 0

x ≤ 2

x , y ≥ 0

x ≥ 0 x ≤ 2

x ≥ y

y ≥ 0

0 1 2

1

2

f = y

s1 = x −y

s2 = 2 − x

f = x − s1

y = x −s1

s2 = 2 − x
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how to start

maximize 4x − z =: f (x , y , z)

subject to x + y + z = 4

x − y = −2

x , y , z ≥ 0

x
y

s
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how to start

maximize 4x − z =: f (x , y , z)

subject to x + y + z = 4

x − y = −2

x , y , z ≥ 0

p1 := 4− x − y − z

p2 := 2 + x − y

x
y

s

maximize − p1 − p2

subject to p1 + x + y + z = 4

p2 − x + y = 2

x , y , z, p1, p2 ≥ 0
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complexity

worst case exponential

x

y

z

(ε, ε2, ε3)

(1, ε, ε2)

(1, 1− ε, ε− ε2)

(ε, 1− ε2, ε− ε3)

(ε, 1− ε2, 1− ε + ε3)

(1, 1− ε, 1− ε + ε2)

(1, ε, 1− ε2)

(ε, ε2, 1− ε3)

smoothed polynomial

x0

α

x?

cD
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roundung is hard

0 1 2 3 4 5

1

2

3

4

5

optimum

0 1 2 3 4 5 6 7

1

2

3
optimum

(x1 ∨ x2 ∨ x3) ∧ (¬x1 ∨ ¬x2 ∨ ¬x3) ∧ (x1 ∨ ¬x2 ∨ ¬x3) ∧ (¬x1 ∨ ¬x2 ∨ x3) ∧ (¬x1 ∨ x2 ∨ x3)

x1 + x2 + x3 ≥ 1

(1− x1) + (1− x2) + (1− x3) ≥ 1

x1 + (1− x2) + (1− x3) ≥ 1

(1− x1) + (1− x2) + x3 ≥ 1

(1− x1) + x2 + x3 ≥ 1

x1, x2, x3 ≥ 0

x1, x2, x3 ≤ 1
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roundung is hard: as hard as SAT

0 1 2 3 4 5
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optimum

(x1 ∨ x2 ∨ x3) ∧ (¬x1 ∨ ¬x2 ∨ ¬x3) ∧ (x1 ∨ ¬x2 ∨ ¬x3) ∧ (¬x1 ∨ ¬x2 ∨ x3) ∧ (¬x1 ∨ x2 ∨ x3)
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(1− x1) + (1− x2) + (1− x3) ≥ 1

x1 + (1− x2) + (1− x3) ≥ 1
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roundung is hard
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the good: Max-W-Bipartite-Matching

maximize
∑
e∈E

ωexe

subject to
∑
e∈E

e=(v,w)

xe ≤ 1 ∀v ∈ V

xe ≥ 0 ∀e ∈ E

xe ∈ Z
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the good: Max-W-Bipartite-Matching

xe1 ≤ 1

xe2 + xe4 ≤ 1

xe3 + xe5 ≤ 1

xe1 + xe2 + xe3 ≤ 1

xe4 + xe5 ≤ 1

xe1 , xe2 , xe3 , xe4 , xe5 ≥ 0
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the good: Max-W-Bipartite-Matching

xe1 ≤ 1

xe2 + xe4 ≤ 1

xe3 + xe5 ≤ 1

xe1 + xe2 + xe3 ≤ 1

xe4 + xe5 ≤ 1

xe1 , xe2 , xe3 , xe4 , xe5 ≥ 0

max{cTx | Ax ≤ b, x ≥ 0}

c =



1

10

10

10

10


A =



1 0 0 0 0

0 1 0 1 0

0 0 1 0 1

1 1 1 0 0

0 0 0 1 1


x =



xe1

xe2

xe3

xe4

xe5


b =



1

1

1

1

1


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the good: Max-W-Bipartite-Matching

xe1 ≤ 1

xe2 + xe4 ≤ 1

xe3 + xe5 ≤ 1

xe1 + xe2 + xe3 ≤ 1

xe4 + xe5 ≤ 1

xe1 , xe2 , xe3 , xe4 , xe5 ≥ 0

max{c̃Tx̃ | Ãx̃ = b̃, x̃ ≥ 0}

c̃ =



1

10

10

10

10

0

0

0

0



Ã =


0 1 0 1 0 1 0 0 0

0 0 1 0 1 0 1 0 0

1 1 1 0 0 0 0 1 0

0 0 0 1 1 0 0 0 1

 x̃ =



xe1

xe2

xe3

xe4

xe5

s1

s2

s3

s4



b̃ =


1

1

1

1


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the good: Max-W-Bipartite-Matching

max{c̃Tx̃ | Ãx̃ = b̃, x̃ ≥ 0}
B = (2, 4, 7, 8)

Ã =


0 1 0 1 0 1 0 0 0

0 0 1 0 1 0 1 0 0

1 1 1 0 0 0 0 1 0

0 0 0 1 1 0 0 0 1



ÃB x̃B =


1 1 0 0

0 0 1 0

1 0 0 1

0 1 0 0




xe2

xe4

s2

s3

 =


1

1

1

1


Cramer rule

det
(
ÃB〈i〉

)
det
(
ÃB

)

det
(
ÃB

)
=

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0

0 0 1 0

1 0 0 1

0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣
= 1

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0

1 0 1 0

1 0 0 1

1 1 0 0

∣∣∣∣∣∣∣∣∣∣∣
= 0

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0

0 1 1 0

1 1 0 1

0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣
= 1

∣∣∣∣∣∣∣∣∣∣∣

1 1 1 0

0 0 1 0

1 0 1 1

0 1 1 0

∣∣∣∣∣∣∣∣∣∣∣
= 1

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 1

0 0 1 1

1 0 0 1

0 1 0 1

∣∣∣∣∣∣∣∣∣∣∣
= 1

Ã is totally unimodular
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the good: Max-W-Bipartite-Matching

max{c̃Tx̃ | Ãx̃ = b̃, x̃ ≥ 0}
B = (2, 4, 7, 8)

Ã =


0 1 0 1 0 1 0 0 0

0 0 1 0 1 0 1 0 0

1 1 1 0 0 0 0 1 0

0 0 0 1 1 0 0 0 1



ÃB x̃B =


1 1 0 0

0 0 1 0

1 0 0 1

0 1 0 0




xe2

xe4

s2

s3

 =


1

1

1

1


Cramer rule

det
(
ÃB〈i〉

)
det
(
ÃB

)

det
(
ÃB

)
=

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0

0 0 1 0

1 0 0 1

0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣
= 1

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0

1 0 1 0

1 0 0 1

1 1 0 0

∣∣∣∣∣∣∣∣∣∣∣
= 0

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0

0 1 1 0

1 1 0 1

0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣
= 1

∣∣∣∣∣∣∣∣∣∣∣

1 1 1 0

0 0 1 0

1 0 1 1

0 1 1 0

∣∣∣∣∣∣∣∣∣∣∣
= 1

∣∣∣∣∣∣∣∣∣∣∣

1 1 0 1

0 0 1 1

1 0 0 1

0 1 0 1

∣∣∣∣∣∣∣∣∣∣∣
= 1

Ã is totally unimodular
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the bad: Min-Vertex-Cover

1

2

13

minimize
∑
v∈V

ωvxv ⇒ OPT

subject to xu + xv ≥ 1 ∀e = (u, v) ∈ E

xv ≥ 0 ∀v ∈ V

xv ∈ Z
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the bad: Min-Vertex-Cover

1

2

13

minimize
∑
v∈V

ωvxv ⇒ x? relaxation

subject to xu + xv ≥ 1 ∀e = (u, v) ∈ E

xv ≥ 0 ∀v ∈ V

x̂ := rounded x?
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the bad: Min-Vertex-Cover

1

2

13

minimize
∑
v∈V

ωvxv ⇒ x? relaxation

subject to xu + xv ≥ 1 ∀e = (u, v) ∈ E

xv ≥ 0 ∀v ∈ V

x̂ := rounded x?

x̂ is feasible

ωTx̂ =
∑
v∈V

ωv x̂v =
∑
v∈V
xv≥ 1

2

ωv x̂v ≤ 2
∑
v∈V
xv≥ 1

2

ωvxv ≤ 2
∑
v∈V

ωvxv = 2ωTx?
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the bad: Min-Vertex-Cover: half-integrality

basic solution is not a convex combination: x = ty + (1− t)z

any non-half-integral x

V+ =

{
v | 0 < xv <

1
2

}
V− =

{
v |

1
2
< xv < 1

}

yv =


xv + ε, if xv ∈ V+

xv − ε, if xv ∈ V−

xv , else

zv =


xv − ε, if xv ∈ V+

xv + ε, if xv ∈ V−

xv , else

x =
1
2

(y + z)
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the bad: Min-Vertex-Cover: experimental performance

random d-regular graphs, n = 60, ω = 1 + 2i for random i ∈ {1, . . . , 10}

5 10 15 20 25 30

1500

2000

2500

3000

3500

4000

4500

5000

5500

6000

d
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the ugly: Max-Independent-Set

maximize
∑
v∈V

ωvxv

subject to xu + xv ≤ 1 ∀e = (u, v) ∈ E

xv ≥ 0 ∀v ∈ V

xv ∈ Z
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deterministic rounding: Min-Multi-Cut

minimize
∑
e∈E

xeωe

subject to
∑

e:e∈π
xe ≥ 1 ∀i ∈ {1, . . . , k}, ∀π ∈ Psi ,ti

xe ≥ 0 ∀e ∈ E

xe ∈ Z
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deterministic rounding: Min-Multi-Cut

minimize
∑
e∈E

xeωe

subject to
∑

e:e∈π
xe ≥ 1 ∀i ∈ {1, . . . , k}, ∀π ∈ Psi ,ti

xe ≥ 0 ∀e ∈ E

xe ∈ Z
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Min-Multi-Cut: relaxation
relaxation

minimize
∑
e∈E

xeωe

subject to
∑

e:e∈π
xe ≥ 1 ∀i ∈ {1, . . . , k}, ∀π ∈ Psi ,ti

xe ≥ 0 ∀e ∈ E

x?e length : e = (u, v)⇒ d(u, v) = x?e

ωe cross section (area)

equivalent polynomial-sized formulation

minimize
∑
e∈E

xeωe

subject to xe ≥ p(i)
v − p(i)

u ∀i ∈ {1, . . . , k}, ∀e ∈ E , e = (u, v)

xe ≥ p(i)
u − p(i)

v

p
(i)
ti
− p(i)

si
≥ 1 ∀i ∈ {1, . . . , k}
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Min-Multi-Cut: 4 ln(2k)-approximation

m ≤ 4 ln(2k)m?Q ≤ 4 ln(2k)m?

ball with radius ρ Bρ(v) = {u ∈ V ′r | d(u, v) ≤ ρ}

inner edges Eρ(v) = {(w , z) ∈ E ′r | w , z ∈ Bρ(v)}

edge boundary Eρ(v) = {(w , z) ∈ E ′r − Eρ(v) | w ∈ Bρ(v) ∨ z ∈ Bρ(v)}

ball volume Vρ(v) = Ψ
k

+
∑

(w,z)∈Eρ(v) ω(w,z)d(w , z)+∑
(w,z)∈Eρ(v) ω(w,z) (ρ−min(d(v ,w), d(v , z)))

overall volume Ψ :=
∑

e=(u,v)∈E ωed(u, v) = m?Q

cost Cρ(v) =
∑

(w,z)∈Eρ(v) ω(w,z)

unit cost Fρ(v) =
Cρ(v)

Vρ(v) 0.1(8)

0.1(1)

0.2(2)

0.3(2.5)

0.2(3)

0.4(1.5)

0.5(3)
0.6(1)

0.6(1)

0.4(4)

0.7(1)
0.7(1.5)

0.3(1.5)
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Min-Multi-Cut: 4 ln(2k)-approximation

∀v∃ρ < 1/2 : Fρ(v) ≤ 2 ln(2k)

8

1
6

8

5

3
10

2

7

1

3

5
2

2

3
5

6

7

5

1

5

52

1

2
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iterated rounding: Generalized-Assignment

3:814:9
9:7

1:3

4:7

4:9

6:5
5:5

3:8

minimize
∑

(i,j)∈E
xijcij

subject to
∑
i∈M

xij = 1 ∀j ∈ J

∑
j∈J

tijxij ≤ T ∀i ∈ M

xij ∈ {0, 1} ∀i ∈ M, ∀j ∈ J
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iterated rounding: Generalized-Assignment

3:814:9
9:7

1:3

4:7

4:9

6:5
5:5

3:8

minimize
∑

(i,j)∈E
xijcij

subject to
∑
i∈M

xij = 1 ∀j ∈ J

∑
j∈J

tijxij ≤ Ti ∀i ∈ M′

xij ≥ 0 ∀i ∈ M, ∀j ∈ J
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iterated rounding: Generalized-Assignment

optimal basic solution x, s.t. 0 < xij < 1 ⇒ there is i ∈ M′, s.t. either
I deg(i) ≤ 1 or
I deg(i) = 2 and

∑
j∈J xij ≥ 1

basic solution x, s.t. xij > 0 ⇒ there is M′′ ⊆ M′, |M′′| = |E | − |J|:
∀i ∈ M′′ :

∑
j∈J

tijxij = Ti

3:30 3:309:10

max
x∈R6

{cTx | Ax = b, x ≥ 0}

c =



−3

−9

−3

0

0

0


A =


1 1 1 0 0 0

30 0 0 1 0 0

0 10 0 0 1 0

0 0 30 0 0 1

 b =


1

T

T

T


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iterated rounding: Generalized-Assignment

optimal basic solution x, s.t. 0 < xij < 1 ⇒ there is i ∈ M′, s.t. either
I deg(i) ≤ 1 or
I deg(i) = 2 and

∑
j∈J xij ≥ 1

basic solution x, s.t. xij > 0 ⇒ there is M′′ ⊆ M′, |M′′| = |E | − |J|:
∀i ∈ M′′ :

∑
j∈J

tijxij = Ti

|J| + |M′′| = |E | =

∑
j∈J

deg(j) +
∑
i∈M

deg(i)

2
≥

∑
j∈J

deg(j) +
∑

i∈M′
deg(i)

2
≥ |J| + |M′| ≥ |J| + |M′′|
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iterated rounding: Generalized-Assignment

1 M′ := M, ∀i : Ti := T , F := ∅ (F is the set of assigned edges)
2 while J 6= ∅

3 let x be the optimal sol. of the relaxed program,
perform one of the following:

4a if ∃ xij = 0,
remove edge (i, j) from G

4b if ∃ xij = 1,
F := F ∪ {(i, j)}, J := J \ {j}, Ti := Ti − tij

4c else let i ∈ M′ s.t. deg(i) ≤ 1 or deg(i) = 2 and
∑

j∈J xij ≥ 1
M′ := M′ \ {i}
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iterated rounding: Generalized-Assignment

1 M′ := M, ∀i : Ti := T , F := ∅ (F is the set of assigned edges)
2 while J 6= ∅

3 let x be the optimal sol. of the relaxed program,
perform one of the following:

4a if ∃ xij = 0,
remove edge (i, j) from G

4b if ∃ xij = 1,
F := F ∪ {(i, j)}, J := J \ {j}, Ti := Ti − tij

4c else let i ∈ M′ s.t. deg(i) ≤ 1 or deg(i) = 2 and
∑

j∈J xij ≥ 1
M′ := M′ \ {i}

while i ∈ M′: Ti,` + Fi,` ≤ T

machine j removed from M′ in round ` (line 4c):

1. deg(i) ≤ 1: time of i ≤ Fi,` + tij ≤ Ti,` + Fi,` + tij ≤ 2T

2. deg(i) = 2 and
∑

j∈J xij ≥ 1 time of i ≤ Fi,` + tij1 + tij2

tij1xij1 + tij2xij2 ≤ Ti,` ⇒ Fi,` ≤ T − tij1xij1 − tij2xij2
time is at most

T − tij1xij1 − tij2xij2 + tij1 + tij2 ≤
T + (1− xij1 )tij1 + (1− xij2 )tij2 ≤
T + (1− xij1 )T + (1− xij2 )T ≤

T (3− xij1 − xij2 ) ≤ 2T
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randomized rounding: Max-Sat

F = C1 ∧ C2 ∧ · · · ∧ Cm Ci = li,1 ∨ li,2 ∨ · · · ∨ li,kCi
cost ω(Ci )

Maximize the cost of satisfied caluses.

Simple randomized algorithm A1: every variable with probability 1/2

I Z :=
∑m

i=1 ωi , every clause has s(Ci ) ≥ k literals

I E
[∑m

i=1 ωiXi

]
=
∑m

i=1 ωiE [Xi ] =
∑m

i=1 ωiPr [Xi = 1] =
∑m

i=1 ωi

(
1− 2−s(Ci )

)
≥ (1− 2−k )Z

I derandomization
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randomized rounding: Max-Sat

F = C1 ∧ C2 ∧ · · · ∧ Cm Ci = li,1 ∨ li,2 ∨ · · · ∨ li,kCi
cost ω(Ci )

Maximize the cost of satisfied caluses.

Simple randomized algorithm A1: every variable with probability 1/2

I Z :=
∑m

i=1 ωi , every clause has s(Ci ) ≥ k literals

I E
[∑m

i=1 ωiXi

]
=
∑m

i=1 ωiE [Xi ] =
∑m

i=1 ωiPr [Xi = 1] =
∑m

i=1 ωi

(
1− 2−s(Ci )

)
≥ (1− 2−k )Z

I derandomization

Algorithm A2 for short caluses based on LP

maximize
m∑
i=1
ωi zi

subject to
∑

j∈C+
i

pj +
∑

j∈C−
i

(1− pj ) ≥ zi ∀i = 1, . . . ,m

zi , pi ∈ Z
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randomized rounding: Max-Sat

F = C1 ∧ C2 ∧ · · · ∧ Cm Ci = li,1 ∨ li,2 ∨ · · · ∨ li,kCi
cost ω(Ci )

Maximize the cost of satisfied caluses.

Simple randomized algorithm A1: every variable with probability 1/2

I Z :=
∑m

i=1 ωi , every clause has s(Ci ) ≥ k literals

I E
[∑m

i=1 ωiXi

]
=
∑m

i=1 ωiE [Xi ] =
∑m

i=1 ωiPr [Xi = 1] =
∑m

i=1 ωi

(
1− 2−s(Ci )

)
≥ (1− 2−k )Z

I derandomization

Algorithm A2 for short caluses based on LP

maximize
m∑
i=1
ωi zi ⇒ z?i , p

?
i − probability

subject to
∑

j∈C+
i

pj +
∑

j∈C−
i

(1− pj ) ≥ zi ∀i = 1, . . . ,m

zi , pi ≥ 0

zi , pi ≤ 1
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randomized rounding: Max-Sat

Algorithm A2 for short caluses based on LP

maximize
m∑
i=1
ωi zi ⇒ z?i , p

?
i − probability

subject to
∑

j∈C+
i

pj +
∑

j∈C−
i

(1− pj ) ≥ zi ∀i = 1, . . . ,m

zi , pi ≥ 0

zi , pi ≤ 1

Pr [Xi = 1] = 1−
∏
j∈C+

i

(1− p?j ) ·
∏

j∈C−i

p?j

≥ 1−
(∑

j∈C+
i

(1− p?j ) +
∑

j∈C−i
p?j

s(Ci )

)s(Ci )

= 1−
(

1−

∑
j∈C+

i
p?j +

∑
j∈C−i

(1− p?j )

s(Ci )

)s(Ci )

≥ 1−
(

1−
z?i

s(Ci )

)s(Ci )
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randomized rounding: Max-Sat

Pr [Xi = 1] ≥ 1−
(

1−
z?i

s(Ci )

)s(Ci )

gk (z) := 1−
(

1−
z

k

)k
g ′k (z) =

(
1−

z

k

)k−1

g ′′k (z) = −
k − 1
k − z

(
1−

z

k

)k−2

β(k) := gk (1) = 1−
(

1−
1
k

)k

Pr [Xi = 1] ≥ gs(Ci )
(1) · z?i = β(s(Ci )) · z?i
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randomized rounding: Max-Sat

take better of the two algorithms

A1det(F ) ≥
m∑
i=1

ωi

(
1−

1

2s(Ci )

)
A2det(F ) ≥

m∑
i=1

ωiβ (s(Ci )) z?i

max{A1det(F ), A2det(F )}

≥
1
2

(A1det(F ) + A2det(F ))

≥
1
2

m∑
i=1

ωi

((
1−

1
2s(Ci )

)
+ β(s(Ci ))z?i

)

≥
m∑
i=1

ωiz
?
i


(

1− 1
2s(Ci )

)
+ β(s(Ci ))

2


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LP duality

minimize f (x1, x2, x3) := 10x1 + 3x2 + 5x3

subject to

6x1 + x2 − x3 ≥ 2

2x1 + 2x2 + 6x3 ≥ 8

6x1 + 3x2 + 5x3 = 30

x1, x2, x3 ≥ 0
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LP duality

minimize f (x1, x2, x3) := 10x1 + 3x2 + 5x3

subject to

6x1 + x2 − x3 ≥ 2

2x1 + 2x2 + 6x3 ≥ 8

6x1 + 3x2 + 5x3 = 30

x1, x2, x3 ≥ 0

maximize g(y1, y2, y3) := 2y1 + 8y2 + 30y3

subject to

6y1 + 2y2 + 6y3 ≤ 10

y1 + 2y2 + 3y3 ≤ 3

−y1 + 6y2 + 5y3 ≤ 5

y1, y2 ≥ 0

(P) : min
x∈Rn

{
cTx | Ax ≥ b, x ≥ 0

}
(D) : max

y∈Rm

{
bTy | ATy ≤ c, y ≥ 0

}

cTx ≥ bTy

cTx ≥
(
ATy

)T
x = yTAx ≥ yTb
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LP duality

minimize f (x1, x2, x3) := 10x1 + 3x2 + 5x3

subject to

6x1 + x2 − x3 ≥ 2

2x1 + 2x2 + 6x3 ≥ 8

6x1 + 3x2 + 5x3 = 30

x1, x2, x3 ≥ 0

maximize g(y1, y2, y3) := 2y1 + 8y2 + 30y3

subject to

6y1 + 2y2 + 6y3 ≤ 10

y1 + 2y2 + 3y3 ≤ 3

−y1 + 6y2 + 5y3 ≤ 5

y1, y2 ≥ 0

(P) : min
x∈Rn

{
cTx | Ax ≥ b, x ≥ 0

}
(D) : max

y∈Rm

{
bTy | ATy ≤ c, y ≥ 0

}

cTx ≥ bTy

cTx ≥
(
ATy

)T
x = yTAx ≥ yTb
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LP duality

minimize f (x1, x2, x3) := 10x1 + 3x2 + 5x3

subject to

6x1 + x2 − x3 ≥ 2

2x1 + 2x2 + 6x3 ≥ 8

6x1 + 3x2 + 5x3 = 30

x1, x2, x3 ≥ 0

maximize g(y1, y2, y3) := 2y1 + 8y2 + 30y3

subject to

6y1 + 2y2 + 6y3 ≤ 10

y1 + 2y2 + 3y3 ≤ 3

−y1 + 6y2 + 5y3 ≤ 5

y1, y2 ≥ 0

(P) : min
x∈Rn

{
cTx | Ax ≥ b, x ≥ 0

}
(D) : max

y∈Rm

{
bTy | ATy ≤ c, y ≥ 0

}

cTx ≥ bTy

cTx ≥
(
ATy

)T
x = yTAx ≥ yTb
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LP duality

primal program dual program

minimize cTx maximize bTy

i-th constraint
n∑

j=1

aijxj = bi i-th variable yi ∈ R

i-th constraint
n∑

j=1

aijxj ≥ bi i-th variable yi ≥ 0

j-th variable xj ∈ R j-th constraint
m∑
i=1

aijyi = cj

j-th variable xj ≥ 0 j-th constraint
m∑
i=1

aijyi ≤ cj
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strong duality – sketch

given ai, c, find max. α, s.t. αc is in convex hull

αc = z1a1 + · · ·+ znan, s.t.
n∑

i=1

zi = 1

yj =
zj

α
yj ≥0

n∑
j=1

yj =
1
α

αc = α
n∑

j=1

ajyj .

(P) min
y∈Rn

{
1Ty | ATy = c, y ≥ 0

}

(D) max
x∈Rm

{
cTx | Ax ≤ 1

}

Hx :={y | 〈x,y〉 = 1} α :=
1
cTx
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strong duality – sketch

given ai, c, find max. α, s.t. αc is in convex hull

αc = z1a1 + · · ·+ znan, s.t.
n∑

i=1

zi = 1

yj =
zj

α
yj ≥0

n∑
j=1

yj =
1
α

αc = α
n∑

j=1

ajyj .

(P) min
y∈Rn

{
1Ty | ATy = c, y ≥ 0

}

(D) max
x∈Rm

{
cTx | Ax ≤ 1

}

Hx :={y | 〈x,y〉 = 1} α :=
1
cTx
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strong duality – sketch

min
y∈Rn

{
1Ty | ATy = c, y ≥ 0

}
= max
x∈Rm

{
cTx | Ax ≤ 1

}

(P) min
y∈Rn

{
bTy | ATy = c, y ≥ 0

}
(D) max

x∈Rm

{
cTx | Ax ≤ b

}

a′i =
1
bi
ai y ′j =bjyj

bTy =
n∑

j=1

bjyj = 1Ty′
m∑
j=1

ajiyj =
m∑
j=1

a′jibi
y ′j

bj

(P) min
y′∈Rn

{
1Ty′ | A′y′ = c, y′ ≥ 0

}
(D) max

x′∈Rm

{
cTx′ | A′Tx′ ≤ 1

}
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Max-Flow Min-Cut as dual problems

1

50
20

201

3

30

50

50

1

22
2

20
1

3

21

23

23

1

1

maximize f

subject to
∑

u:(s,u)∈E
xsu −

∑
u:(s,u)∈E

xus − f = 0

∑
u:(t,u)∈E

xut −
∑

u:(s,u)∈E
xtu + f = 0

∑
u:(u,v)∈E

xvu −
∑

u:(u,v)∈E
xuv = 0 ∀v ∈ V − {s, t}

xuv ≤ cuv ∀(u, v) ∈ E

xvu ≤ cuv ∀(u, v) ∈ E

xuv ≥ 0 ∀(u, v) ∈ E
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Max-Flow Min-Cut as dual problems

1

50
20

201

3

30

50

50

1

22
2

20
1

3

21

23

23

1

1

minimize
∑

(u,v)∈E
(zuv + zvu) cuv

subject to yt − ys = 1

yv − yu + zuv ≥ 0 ∀(u, v) ∈ E

yu − yv + zvu ≥ 0 ∀(u, v) ∈ E

zuv , zvu ≥ 0 ∀(u, v) ∈ E
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Max-Flow Min-Cut as dual problems

1 1

1 1

2 4

minimize
∑

(u,v)∈E
(zuv + zvu) cuv

subject to yt − ys = 1

yv − yu + zuv ≥ 0 ∀(u, v) ∈ E

yu − yv + zvu ≥ 0 ∀(u, v) ∈ E

zuv , zvu ≥ 0 ∀(u, v) ∈ E
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slackness conditions

(P) : min
x∈Rn

{cTx | Ax ≥ b,x ≥ 0} (D) : max
y∈Rm

{bTy | ATy ≤ c,y ≥ 0}

cTx? ≥
(
ATy?

)T
x? = y?TAx? ≥ y?Tb
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slackness conditions

(P) : min
x∈Rn

{cTx | Ax ≥ b,x ≥ 0} (D) : max
y∈Rm

{bTy | ATy ≤ c,y ≥ 0}

cTx?
(♣)
=
(
ATy?

)T
x? = y?TAx?=y?Tb

(♣) :
n∑

j=1

cjx
?
j =

n∑
j=1

[
ATy?

]
j
x?j
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slackness conditions

(P) : min
x∈Rn

{cTx | Ax ≥ b,x ≥ 0} (D) : max
y∈Rm

{bTy | ATy ≤ c,y ≥ 0}

cTx?
(♣)
=
(
ATy?

)T
x? = y?TAx?=y?Tb

(♣) :
n∑

j=1

cjx
?
j =

n∑
j=1

[
ATy?

]
j
x?j

I primal slackness:

∀ 1 ≤ j ≤ n : either xj = 0 or
m∑
i=1

aijyi = cj

I dual slackness:

∀ 1 ≤ i ≤ m : either yi = 0 or
n∑

j=1

aijxj = bi
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primal-dual method

What happens for non-bipartite graphs?

Max-W-Bipartite-Matching

maximize
∑
e∈E

ωexe

subject to
∑
e∈E

e=(v,w)

xe ≤ 1 ∀v ∈ V

xe ≥ 0 ∀e ∈ E

xe ∈ Z

1

10

10

10

1010

10

10

10

1

10

10

1
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primal-dual method

What happens for non-bipartite graphs?

Max-W-Bipartite-Matching

maximize
∑
e∈E

ωexe

subject to
∑
e∈E

e=(v,w)

xe ≤ 1 ∀v ∈ V

xe ≥ 0 ∀e ∈ E

xe ∈ Z

1

10

10

10

1010

10

10

10

1

10

10

1
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primal-dual method: Min-Perfect-Matching

minimize
∑
e∈E

ωexe

∑
e∈E

e=(u,v)

xe = 1 ∀v ∈ V

xe ∈ {0, 1} ∀e ∈ E
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primal-dual method: Min-Perfect-Matching

minimize
∑
e∈E

ωexe

∑
e∈δ({v})

xe = 1 ∀v ∈ V∑
e∈δ(S)

xe ≥ 1 ∀S ∈ S

xe ≥ 0 ∀e ∈ E

δ(S) := {e ∈ E | e = (u, v), u ∈ S, v ∈ V \ S}

S := {S ⊆ V | |S| > 1, |S| odd }
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primal-dual method: Min-Perfect-Matching

primal program

minimize
∑
e∈E

ωexe

∑
e∈δ({v})

xe = 1 ∀v ∈ V∑
e∈δ(S)

xe ≥ 1 ∀S ∈ S

xe ≥ 0 ∀e ∈ E

dual program

maximize
∑
v∈V

rv +
∑

S∈S
wS

ru + rv +
∑

S∈S
e∈δ(S)

wS ≤ ωe ∀e = (u, v) ∈ E

wS ≥ 0 ∀S ∈ S

δ(S) := {e ∈ E | e = (u, v), u ∈ S, v ∈ V \ S}

S := {S ⊆ V | |S| > 1, |S| odd }
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primal-dual method: Min-Perfect-Matching

minimize
∑
e∈E

ωexe

∑
e∈δ({v})

xe = 1 ∀v ∈ V∑
e∈δ(S)

xe ≥ 1 ∀S ∈ S

xe ≥ 0 ∀e ∈ E

maximize
∑
v∈V

rv +
∑

S∈S
wS

ru + rv +
∑

S∈S
e∈δ(S)

wS ≤ ωe ∀e = (u, v) ∈ E

wS ≥ 0 ∀S ∈ S

∑
e∈E

xeωe

♣
≥

∑
e∈E

e=(u,v)

xe(ru + rv +
∑
S∈S
e∈δ(S)

wS ) =
∑
v∈V

(rv
∑

e∈δ({v})

xe) +
∑
S∈S

wS

 ∑
e∈δ(S)

xe

 ♦≥∑
v∈V

rv +
∑
S∈S

wS

slackness conditions

S1(♣) ∀e = (u, v) ∈ E : xe > 0⇒ ru + rv +
∑
S∈S
e∈δ(S)

wS = ω(e)

S2(♦) ∀S ∈ S : wS > 0⇒
∑

e∈δ(S)

xe = 1
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primal-dual method: Min-Perfect-Matching

1

11

5

4

2

3

1

7
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1

6

1
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1
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1
1
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3

33 3
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primal-dual method: Min-Perfect-Matching
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primal-dual method: Min-Perfect-Matching

flower

I non-zero outer bubble wS

I a root vertex
I odd number of inner flowers paired in dumbells
I cyclically connected with full edges
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primal-dual method: Min-Perfect-Matching
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primal-dual method: Min-Perfect-Matching

(P1) Green bubble drops to zero.

⇝ 
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primal-dual method: Min-Perfect-Matching

(P2) Edge e between an even-level flower K and a dumbell H is filled.

⇝ 
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primal-dual method: Min-Perfect-Matching

(P3) Edge between two flowers K and H in the same tree is filled.

⇝ 
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primal-dual method: Min-Perfect-Matching

(P4) Edge e between two flowers K and H in different trees T1 and T2 is filled.

⇝ 

∀ v ∃ alternating path to the flower-root, starting by matching egde, and ending by non-matching
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primal-dual method: Min-Perfect-Matching

(P1) Green bubble drops to zero.

(P2) Edge e between an even-level flower K and a dumbell H is filled.

(P3) Edge between two flowers K and H in the same tree is filled.

(P4) Edge e between two flowers K and H in different trees T1 and T2 is filled.

O(n2) iterations

I O(n) iterations of (P4)
I between two interations of (P4):

I O(n) bubbles overall
I safe bubble: sometime was outer bubble on ”+” level
I safe bubble is never destroyed
I (P1), (P2), (P3) create at least one safe bubble
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relaxed slackness conditions

(P) : min
x∈Rn

{cTx | Ax ≥ b,x ≥ 0} (D) : max
y∈Rm

{bTy | ATy ≤ c,y ≥ 0}

I primal slackness:

∀ 1 ≤ j ≤ n : either xj = 0 or
m∑
i=1

aijyi = cj

I dual slackness:

∀ 1 ≤ i ≤ m : either yi = 0 or
n∑

j=1

aijxj = bi
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relaxed slackness conditions

(P) : min
x∈Rn

{cTx | Ax ≥ b,x ≥ 0} (D) : max
y∈Rm

{bTy | ATy ≤ c,y ≥ 0}

I primal slackness:

∀ 1 ≤ j ≤ n : either xj = 0 or cj/α ≤
m∑
i=1

aijyi≤cj

I dual slackness:

∀ 1 ≤ i ≤ m : either yi = 0 or bi≤
n∑

j=1

aijxj≤ βbi

cTx =
n∑

j=1

cjxj ≤
n∑

j=1

α

(
m∑
i=1

aijyi

)
xj ≤ α

m∑
i=1

yi

 n∑
j=1

aijxj

 ≤ αβ m∑
i=1

yibi = αβbTy
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Min-Vertex-Cover revisited

1

2

13

minimize
∑
v∈V

ωvxv

subject to xu + xv ≥ 1 ∀e = (u, v) ∈ E

xv ≥ 0 ∀v ∈ V

xv ∈ Z
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Min-Vertex-Cover revisited

1

2

13

primal program

minimize
∑
v∈V

ωv xv

subject to xu + xv ≥ 1 ∀e ∈ E

xv ≥ 0 ∀v ∈ V

dual program

maximize
∑
e∈E

ye

subject to
∑
e∈E

e=(u,v)

ye ≤ ωu ∀u ∈ V

ye ≥ 0 ∀e ∈ E
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Min-Vertex-Cover revisited

1

2

13

primal program

minimize
∑
v∈V

ωv xv

subject to xu + xv ≥ 1 ∀e ∈ E

xv ≥ 0 ∀v ∈ V

dual program

maximize
∑
e∈E

ye

subject to
∑
e∈E

e=(u,v)

ye ≤ ωu ∀u ∈ V

ye ≥ 0 ∀e ∈ E

slackness conditions

S1 ∀v ∈ V : xv > 0⇒
∑
e∈E

e=(u,v)

ye = ωu

S2 ∀e = (u, v) ∈ E : ye > 0⇒ xu + xv = 1
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Min-Vertex-Cover revisited

1

2

13

primal program

minimize
∑
v∈V

ωv xv

subject to xu + xv ≥ 1 ∀e ∈ E

xv ≥ 0 ∀v ∈ V

dual program

maximize
∑
e∈E

ye

subject to
∑
e∈E

e=(u,v)

ye ≤ ωu ∀u ∈ V

ye ≥ 0 ∀e ∈ E

slackness conditions

S1 ∀v ∈ V : xv > 0⇒
∑
e∈E

e=(u,v)

ye = ωu

S2 ∀e = (u, v) ∈ E : ye > 0⇒ xu + xv ≤ 2
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weaker than relaxed slackness: Min-Steiner-Forest

1

2

3

3

10

759

1

7

9
161712

12

17

18 14

connectivity requirements r(u, v) ∈ {0, 1}

hungry set S : f (S) = 1

∃u ∈ S, v ∈ V \ S : r(u, v) = 1

Lemma

If there is an outgoing edge from each hungry set ⇒ feasible solution
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weaker than relaxed slackness: Min-Steiner-Forest

1

2

3

3

10

759

1

7

9
161712

12

17

18 14

primal program

minimize
∑
e∈E

ωexe

∑
e∈δ(S)

xe ≥ f (S) ∀S ⊆ V

xe ≥ 0 ∀e ∈ E

dual program

maximize
∑

S⊆V
ys f (S)

∑
S :e∈δ(S)

yS ≤ ωe ∀e ∈ E

yS ≥ 0 ∀S ⊆ V
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weaker than relaxed slackness: Min-Steiner-Forest

primal program

minimize
∑
e∈E

ωexe

∑
e∈δ(S)

xe ≥ f (S) ∀S ⊆ V

xe ≥ 0 ∀e ∈ E

dual program

maximize
∑

S⊆V
ys f (S)

∑
S :e∈δ(S)

yS ≤ ωe ∀e ∈ E

yS ≥ 0 ∀S ⊆ V

slackness conditions

S1 ∀e ∈ E : xe > 0⇒
∑

S :e∈δ(S)

yS = ωe

S2 ∀S ⊆ V : yS > 0⇒
∑

e∈δ(S)

xe = f (S)
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weaker than relaxed slackness: Min-Steiner-Forest

primal program

minimize
∑
e∈E

ωexe

∑
e∈δ(S)

xe ≥ f (S) ∀S ⊆ V

xe ≥ 0 ∀e ∈ E

dual program

maximize
∑

S⊆V
ys f (S)

∑
S :e∈δ(S)

yS ≤ ωe ∀e ∈ E

yS ≥ 0 ∀S ⊆ V

slackness conditions

S1 ∀e ∈ E : xe > 0⇒
∑

S :e∈δ(S)

yS = ωe

S2 ∀S ⊆ V : yS > 0⇒
∑

e∈δ(S)

xe≤ 2f (S)
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weaker than relaxed slackness: Min-Steiner-Forest
unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets
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weaker than relaxed slackness: Min-Steiner-Forest
unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)
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weaker than relaxed slackness: Min-Steiner-Forest
unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)
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weaker than relaxed slackness: Min-Steiner-Forest
unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)
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weaker than relaxed slackness: Min-Steiner-Forest
unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)
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postprocessing: prune result
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weaker than relaxed slackness: Min-Steiner-Forest
unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)
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weaker than relaxed slackness: Min-Steiner-Forest
algorithm

1 F := ∅, y{v} := 0 for all v ∈ V

2 while there is an unhappy connected component induced by edges from F

3 increase yS for all S corresponding to unhappy sets from F until some edge e is tight
4 F := F ∪ e

5 F ′ := F

6 for each edge e ∈ F

7 if F − {e} is feasible solution F ′ := F ′ − {e}

Observation: F is acyclic ⇒ pruning maintains feasibility
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weaker than relaxed slackness: Min-Steiner-Forest
algorithm

1 F := ∅, y{v} := 0 for all v ∈ V

2 while there is an unhappy connected component induced by edges from F

3 increase yS for all S corresponding to unhappy sets from F until some edge e is tight
4 F := F ∪ e

5 F ′ := F

6 for each edge e ∈ F

7 if F − {e} is feasible solution F ′ := F ′ − {e}

primal program

minimize
∑
e∈E

ωexe

∑
e∈δ(S)

xe ≥ f (S) ∀S ⊆ V

xe ≥ 0 ∀e ∈ E

dual program

maximize
∑

S⊆V
ys f (S)

∑
S :e∈δ(S)

yS ≤ ωe ∀e ∈ E

yS ≥ 0 ∀S ⊆ V

Theorem ∑
e∈F ′

ωe ≤ 2
∑
S⊆V

yS f (S)
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weaker than relaxed slackness: Min-Steiner-Forest
Theorem ∑

e∈F ′
ωe ≤ 2

∑
S⊆V

yS f (S) = 2
∑
S⊆V

yS

∑
e∈F ′

ωe =
∑
e∈F ′

 ∑
S :e∈δ(S)

yS

 =
∑
S⊆V

degF ′ (S)yS
?
≤ 2

∑
S⊆V

yS
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weaker than relaxed slackness: Min-Steiner-Forest
Theorem ∑

e∈F ′
ωe ≤ 2

∑
S⊆V

yS f (S) = 2
∑
S⊆V

yS

∑
e∈F ′

ωe =
∑
e∈F ′

 ∑
S :e∈δ(S)

yS

 =
∑
S⊆V

degF ′ (S)yS
?
≤ 2

∑
S⊆V

yS

∆

 ∑
S∈S`

degF ′ (S)

 ≤ 2∆|S`|
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variations on Min-Cut: a theme
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4 ln(2k)-approximation for Min-Multi-Cut
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first variation: Min-Multiway-Cut

Given are G = (V ,E), ω : E 7→ R+, and k vertices s1, . . . , sk .

Find a minimal cut that disconnects all pairs sj , sj , i 6= j .
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first variation: Min-Multiway-Cut

ALG ≤
k∑

i=1
i 6=j

∂(Di ) =
k∑

i=1

∂(Di )−∂(Dj ) ≤
(

1−
1
k

) k∑
i=1

∂(Di ) ≤
(

1−
1
k

) k∑
i=1

∂(Ci ) = 2
(

1−
1
k

)
OPT

minimal si -separating cut component of the optimal solution
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second variation: Min-k-Cut

Given are G = (V ,E), ω : E 7→ R+, and a number k.

Find a minimal cut that results in ≥ k components.
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Gomory-Hu trees

Given G = (V , E), ω : E 7→ R+.

GHT is a tree T = (V , E ′) with ω′ : E ′ 7→ R+:

1. ∀e′ ∈ E ′ : ω′(e′) =∂G (cutT (e′))

2. ∀u, v ∈ V : fG (u, v) = fT (u, v)

size of the cut in G defined by removing e′ from T
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Gomory-Hu trees

Given G = (V , E), ω : E 7→ R+.

GHT is a tree T = (V , E ′) with ω′ : E ′ 7→ R+:

1. ∀e′ ∈ E ′ : ω′(e′) =∂G (cutT (e′))

2. ∀u, v ∈ V : fG (u, v) = fT (u, v)

size of the cut in G defined by removing e′ from T

Algorithm: splitting bags

⇝ 
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Gomory-Hu trees

Given G = (V , E), ω : E 7→ R+.

GHT is a tree T = (V , E ′) with ω′ : E ′ 7→ R+:

1. ∀e′ ∈ E ′ : ω′(e′) =∂G (cutT (e′))

2. ∀u, v ∈ V : fG (u, v) = fT (u, v)

size of the cut in G defined by removing e′ from T

Algorithm: splitting bags

Invariant

∀ e =
(
S

(t)
i , S

(t)
J

)
M : {v ∈ V | ∃S ∈ cut

T (t) (e) : v ∈ S}

∃ 2 witnesses x ∈ S
(t)
i , y ∈ S

(t)
j :

I ω′(e) = fG (x, y)

I M is minimal x − y cut in G .
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Gomory-Hu trees

Given G = (V , E), ω : E 7→ R+.

GHT is a tree T = (V , E ′) with ω′ : E ′ 7→ R+:

1. ∀e′ ∈ E ′ : ω′(e′) =∂G (cutT (e′))

2. ∀u, v ∈ V : fG (u, v) = fT (u, v)

size of the cut in G defined by removing e′ from T

Invariant

∀ e =
(
S

(t)
i , S

(t)
J

)
M : {v ∈ V | ∃S ∈ cut

T (t) (e) : v ∈ S}

∃ 2 witnesses x ∈ S
(t)
i , y ∈ S

(t)
j :

I ω′(e) = fG (x, y)

I M is minimal x − y cut in G .

after finishing ⇒ GHT

1. ∀e′ ∈ E ′ : ω′(e′) = ∂G (cutT (e′)) ← from the invariant

2. ∀u, v ∈ V : fG (u, v) = fT (u, v)
I either (u, v) ∈ E ′ ← from the invariant
I or (u, v) 6∈ E ′ ← ???
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Gomory-Hu trees

Given G = (V , E), ω : E 7→ R+.

GHT is a tree T = (V , E ′) with ω′ : E ′ 7→ R+:

1. ∀e′ ∈ E ′ : ω′(e′) = ∂G (cutT (e′))

2. ∀u, v ∈ V : fG (u, v) = fT (u, v)

Invariant

∀ e =
(
S

(t)
i , S

(t)
J

)
M : {v ∈ V | ∃S ∈ cut

T (t) (e) : v ∈ S}

∃ 2 witnesses x ∈ S
(t)
i , y ∈ S

(t)
j :

I ω′(e) = fG (x, y)

I M is minimal x − y cut in G .
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fT (u, v) = ω
′(emin) = ∂G (cutT (emin)) ≥ fG (u, v)
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Gomory-Hu trees

Given G = (V , E), ω : E 7→ R+.

GHT is a tree T = (V , E ′) with ω′ : E ′ 7→ R+:

1. ∀e′ ∈ E ′ : ω′(e′) = ∂G (cutT (e′))

2. ∀u, v ∈ V : fG (u, v) = fT (u, v)

Invariant

∀ e =
(
S

(t)
i , S

(t)
J

)
M : {v ∈ V | ∃S ∈ cut

T (t) (e) : v ∈ S}

∃ 2 witnesses x ∈ S
(t)
i , y ∈ S

(t)
j :

I ω′(e) = fG (x, y)

I M is minimal x − y cut in G .
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14

54

50
1
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1

30

3

1

1

3

10
50

50

fG (u, v) ≥ min{ω′(w0,w1), . . . , ω′(wz−1,wz )} = ω
′(emin) = fT (u, v)

Lemma

fG (v1, vz ) ≥ min{fG (v1, v2), fG (v2, v3), . . . , fG (vz−1, vz )}
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Gomory-Hu trees: how the splitting is made
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Gomory-Hu trees: how the splitting is made
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Gomory-Hu trees: how the splitting is made
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Gomory-Hu trees: lemma about cuts

Let S be minimal r − s cut, and s, v ,w ∈ S .

There is a minimal v − w cut T ⊂ S .
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Gomory-Hu trees: lemma about cuts

Let S be minimal r − s cut, and s, v ,w ∈ S .

There is a minimal v − w cut T ⊂ S .

any v − w cut X , s.t. S ∩ X 6= ∅

A := ∂(S) + ∂(X )

1 2 1

1 1

2
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Gomory-Hu trees: lemma about cuts

Let S be minimal r − s cut, and s, v ,w ∈ S .

There is a minimal v − w cut T ⊂ S .

any v − w cut X , s.t. S ∩ X 6= ∅

A := ∂(S) + ∂(X )

1 2 1

1 1

2

case 1: r ∈ X

B := ∂(S − X ) + ∂(X − S)

∂(S − X ) + ∂(X − S) ≤ ∂(S) + ∂(X )

∂(X − S) ≥ ∂(S)

∂(S − X ) ≤ ∂(X )⇒ S − X is min. v − w cut

1 0 1

1 1

2
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Gomory-Hu trees: lemma about cuts

Let S be minimal r − s cut, and s, v ,w ∈ S .

There is a minimal v − w cut T ⊂ S .

any v − w cut X , s.t. S ∩ X 6= ∅

A := ∂(S) + ∂(X )

1 2 1

1 1

2

case 2: r 6∈ X

B := ∂(S ∪ X ) + ∂(S ∩ X )

∂(S ∪ X ) + ∂(S ∩ X ) ≤ ∂(S) + ∂(X )

∂(S ∪ X ) ≥ ∂(S)

∂(S ∩ X ) ≤ ∂(X )⇒ S ∩ X is min. v − w cut

1 2 1

1 1

0
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Gomory-Hu trees

lemma

Let S be minimal r − s cut, and s, v ,w ∈ S . There is a minimal v − w cut T ⊂ S.

Invariant

∀ e =
(
S

(t)
i , S

(t)
J

)
∃ 2 witnesses x ∈ S

(t)
i , y ∈ S

(t)
j :

I ω′(e) = fG (x, y)

I M is minimal x − y cut in G .

lemma ⇒ the cut does not separate subtrees ⇒ is min. cut in G
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Gomory-Hu trees

lemma

Let S be minimal r − s cut, and s, v ,w ∈ S . There is a minimal v − w cut T ⊂ S.

Invariant

∀ e =
(
S

(t)
i , S

(t)
J

)
∃ 2 witnesses x ∈ S

(t)
i , y ∈ S

(t)
j :

I ω′(e) = fG (x, y)

I M is minimal x − y cut in G .

fG (ai , x) = fG (ai , si )

I fG (ai , x) ≤ fG (ai , si )

I contract Sy ⇒ Ĝ

fG (ai , x) = fĜ (ai , x)

fĜ (ai , x) ≥ min{fĜ (x, ŷ), fĜ (ai , ŷ)}

fĜ (ai , ŷ) ≥ fG (ai , si ), fĜ (x, ŷ) ≥ fG (x, y)

fG (x, y) ≥ fG (ai , si )
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second variation: Min-k-Cut

Given are G = (V ,E), ω : E 7→ R+, and a number k.

Find a minimal cut that results in ≥ k components.

Algorithm: union of k − 1 cheapest edges of Gomory-Hu tree

ALG ≤
k−1∑
i=1

ω′(e′i )

2 · OPT =
k∑

i=1

∂G (Ci )

there are k − 1 edges from GHT, such that

ω
′(e′hi

) ≤ ∂G (Ci )


