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dl of stuff
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dl of stuff
brown green
minimize X + 15y =: f(x,y) price
subject to  30x + 90y > 270 caffeine
40x + 30y > 120 sugar
40x + 30y < 180 aspartame
xy =2 0
maximmize —x —1.by =: f(x,y,s1,52,53)
subject to —30x —90y +s; = =270
—40x —30y +s = =120
40x 430y +s3 = 180
X,y,51,82,83 = 0
-1
—1.5 -30 -9 1 0 O —270
c= 0 A= —-40 —-30 0 1 O b= —120
0 30 40 0 0 1 200
0

max {ch|Ax:b, xZO}.
XERS






x+y <1
X—y =
x,y 20

I/II

1

0 1




Priprava $tidia matematiky a informatiky na FMFI UK v anglickom jazyku ITMS: 26140230008

maxxcrn {ch |Ax =b, x > 0}

-1
~15 -30 -90 1 0 0 —270
c= 0 A=| —40 -30 0 1 © b=| —120
0 30 40 0 0 1 200
0
constraints X y s1 S s3 77 B
x=y=0| 0 0 —270 -120 180 ,>:6
x=s1=0| 0 3 0 30 90 g
x=$=0| 0 4 90 0 60 74 0A
x=s3=0| 0 6 270 60 0 B § 31
y=s1=0] 9 0 0 240  —180 P2y € D
y=s=0]| 3 0 —180 0 60 11
y=s=0|45 0 —135 60 0 0 1 5 3 a
si=s2=0| 1 % o0 0 60 | C
ss=s3=0| 3 2 0 60 0 D brown stuff (x)
s5=s53=0 no solution
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-30 —90 1 0 0 —-30 —90 1 00
A=| —40 —30 0 1 0 Apzy=| —40 -30 Apasy=| 0 1 0
30 40 0 0 1 30 40 0 0 1

maXxeRn {CTX | Ax =b, x > 0}, A ¢ RmMxn

basic solution: x € R”, thereisaset B C {1,...,n}, |B|=m:

1. the matrix Ag € R™*™ has full rank, m (i.e. is non-singular)
2. x;p=0forall jZB
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-30 —90 1 0 0 —-30 —90 1 00
A=| —40 —30 0 1 0 Apzy=| —40 -30 Apasy=| 0 1 0
30 40 0 0 1 30 40 00 1

maXxeRn {CTX | Ax =b, x > 0}. A ¢ RmMxn

basic solution: x € R”, thereisaset B C {1,...,n}, |B|=m:

1. the matrix Ag € R™*™ has full rank, m (i.e. is non-singular)
2. x;p=0forall jZB

Let ¢"x be bounded from above. Let xq be feasible.

there is some feasible basic solution %, for which ¢ > ¢"xqg.
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simplex method

maximize x +y +z =:f(xy,z)
subject to  x +y +2z <9

4x +y +5z <24

3y +z <12

z <4
(0,4,0)
x,y,z 20
o (5,4,0)
f= X +y + z P
si= 9 - X -y — 2z
sS= 24 —4x —y — 5z
s3= 12 -3y -z

Sy = 4 — Z
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simplex method

maximize x +y +z =:f(xy,z)
subject to  x +y +2z <9
4x +y +5z <24
3y +z <12

z <4
(0,4,0)
x,y,z 20
o (5,4,0)
f= 4 +x +y — S5 ’0’4)
z= 4 — 84
si= 1 —x -y + 2s4
= 4 —4x -—y + 554
s3= 8 —3y + s
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simplex method

maximize x +y +z =:f(xy,z)
subject to  x +y +2z <9
4x +y +5z <24
3y +z <12
z <4

(0,4,0)
x,y,z 20

o (5,4,0)

f= 5 —Ss1 + s 9—g (0,1, 4)

1 —x — 51 + 254
4 — 54

sh= 3 —3x +s + 3s4
5

s3 = +3x +3s; —5s
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simplex method

maximize x +y +z =:f(xy,z)
subject to  x +y +2z <9
4x +y +5z <24
3y +z <12

z <4
(0,4,0)
x,y,z 20
x (5,4,0)
- 3 _ 2 _1
f= 6 + X £s1 553 .
(0,3,3)
y= 3 + %X + %51 - 553
_ _3 _3 1
z= 3 X 551 + 553
o= 6 — gx + %51 - %53
ss = 1 4+ %X + %Sl — é53
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simplex method

maximize x +y +z =:f(xy,z)
subject to  x +y +2z <9
4x +y +5z <24
3y +z <12

z <4
(0,4,0)
x,y,z 20
x (5,4,0)
f= 0 —=z — 51
x= 5 -3z —=s +%53
y= 4 f%z 7%53
Sy = 2z +4+4s1; —s3

ss= 4 —z
(5,4,0)
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degenerate steps and infinite loops

maximize y =: f(x,y) x>0 x<2
subjectto —x +y <0
X <2
- x>y
Xy >0 2
1-
y=0
0 1
f= y
S1 = X =y

Sy = 2 — X



Priprava $tidia matematiky a informatiky na FMFI UK v anglickom jazyku

degenerate steps and infinite loops

ITMS: 26140230008

maximize y =: f(x,y) x>0 x<2
subjectto —x +y <0
X <2
- x>y
Xy >0 2
1-
y=0
0 1 2
f= y f= x —s
S51 = X -y y = X —s1

Sy = 2 — X Sy = 2 — X
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how to start

maximize  4x —z =:f(x,y,z)
subject to  x +y +z =4
X —y = -2
x,¥,z >0
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how to start

maximize  4x —z =:f(x,y,z)

subject to  x +y +z =4

X -y =-2
X, Y,z 20
pr = 4—x—-y—z
p2 = 24x-—y
maximize —p;  — p2
subject to  p; + x
p2 — X

+y +z
+vy

X, Y52, P1, P2
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complexity

worst case exponential
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complexity

worst case exponential smoothed polynomial




roundung is hard

optimum

= N W s~ O
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roundung is hard: as hard as SAT

optimum

optimum

= N W s~ O
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roundung is hard

optimum

optimum

= N W s~ O

(aVxaVx3)A(=x1V-xaV=oxg)A(xaV-xa Vo)A (mxa Voxe V) A(—xa Vixe Voxs)

x1+x2+x3>1
lT-x1)+(1—-x)+(1-x3)>1
x+(1-—x)+(1-x3)>1
(I-x)+1-x)+x3>1
1-—x)+x+x3>1
X1,X2,x3 > 0

x1,x2,x3 < 1
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the good: Max-W-Bipartite-Matching

maximize Y, weXe
ecE

subject to S oxe <1 VveVv
ecE
e=(v,w)

xe > 0 Vee E
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the good: Max-W-Bipartite-Matching
® (o9 v

Xe <

Xey + Xey <

Xez + Xeg <

Xe; + Xep + Xe3 <
Xey + Xeg <

>

Xey s Xey y Xez y Xeg ) Xeg
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the good: Max-W-Bipartite-Matching

Xey <1

Xey +Xey <1

Xeg + Xes <1

Xey F Xey + Xe3 <1

Xey + Xeg <1

Xey  Xey » Xeg, Xegy Xeg > 0

max{c"x | Ax < b, x > 0}

1 1 0 0 0 O Xe; 1
10 0 1 0 1 O Xey 1
c=| 10 A=]10 0 1 0 1 X= | Xe b= 1
10 1 1 1 0 O Xey 1
10 0 0 0 1 1 Xes 1
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the good: Max-W-Bipartite-Matching

Xey <

Xeo + Xey <

Xez + Xeg <

Xey + Xey + Xe3 <
<

>

Xey + Xeg
Xey y Xegy Xegy Xegs Xes 2

=b, x>0}

Y
1

max{&'% |

o

Il

-

o

>

Il
o = O O
o = O =
o = = O
= O O =
= O = O
o O o =
o O = O
o = O O
= O O O

k1

I

X

&

T

Il
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the good: Max-W-Bipartite-Matching

B=(2,4,7,8)
o 1 0 1 0|1 0o O O
i_| 00 1 0o 101 00
11 1 0 0|0 O 1 O
0O o 0 1 1|0 O oO0 1
1 1 0 0 Xey 1
o 0 0 1 0 Xey 1
ABxB = =
1 0 0 1 S 1
0 1 0 O s3 1
Cramer rule
det (ABU))
det ( NB
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the good: Max-W-Bipartite-Matching

max{¢'% | Ax = b, % > 0} 1 1 00
B=(2,4,7,8) - 0 01 0
det <AB> - -1
01 0 1 0|1 0 0 0 1001
Ao 0O o1 o 1|0 1 O0 O 0 1 0 O
1 1 1 o0 0|0 O 1 O
o o0 0 1 1|0 O 0 1 1 1 0 o0 1 1 0 o0
101 0| o 11 0|
1 1 0 O Xep 1 1 0 0 1 1 1 0 1
. 0 0 1 0 Xe, 1 1 1 0 0 0 1 0 0
Askp = 4| =
1 0 0 1 S 1
0 1 0 O s3 1 11 1 0 11 0 1
00 1 o0 0 0 1 1
Cramer rule 10 1 1|7t 1 o0 o 1|7t
det (AB<i>) 001 1 o o 1 o 1
det ( NB

Alis totally unimodular
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the bad: Min-Vertex-Cover

minimize Y wyx, = OPT

vev
subject to xu+x, > 1 Ve = (u,v) € E
x, > 0 YveVv
x, € Z
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the bad: Min-Vertex-Cover

minimize Y wyx, = x* relaxation
vev

subject to Xu+x, > 1 Ve = (u,v) € E
Xv > 0 YvevVv

%X := rounded x*
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the bad: Min-Vertex-Cover

Q1
O 2
@ 13
minimize Y wyx, = x* relaxation
veVv
subject to Xu+x, > 1 Ve = (u,v) € E
Xv > 0 YvevVv
%X := rounded x*
% is feasible
w'g = Z wyRy = Z wyRy <2 Z wyxy <2 Z wyxy = 2w x*

veVv vev veVv veVv
sz% XVZ%
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the bad: Min-Vertex-Cover: half-integrality

basic solution is not a convex combination: x = ty + (1 — t)z

any non-half-integral x

1 1
V+:{V‘O<Xv<§} V7:{V|§<Xv<1}
x, +¢e, ifx € V4 x, —g, ifx, € V4
W= xy —e, ifx, €V_ zy = xy+e, ifx, €V_
xy, else xy, else
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the bad: Min-Vertex-Cover: experimental performance

random d-regular graphs, n = 60, w = 1 + 2 for random i € {1,...,10}

LA L e
Afenalirfoigg (L, L

6000 —

5500 —

5000 —

4500 —

4000 —

3500 —

3000 —

2500 —
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the ugly: Max-Independent-Set

maximize Y. wyxy

vev
subject to xu+x, < 1 Ve = (u,v) € E
x, > 0 Yv eV
xy, € 7
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deterministic rounding: Min-Multi-Cut
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deterministic rounding: Min-Multi-Cut

minimize ) Xewe

ecE
subject to Soxe > 1 Vie{l,...,k}, Vm € Ps.;
eecm
Xe > 0 Vee€ E
Xe € 7
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Min-Multi-Cut: relaxation

relaxation

minimize > Xewe
e€E
subject to S oxe >
ele€T

Xe >
*
Xe
We

equivalent polynomial-sized formulation

minimize Y Xewe
ecE
subject to Xe > p‘(/i) —
Xe > pl(,i) -
P —p) = 1

i

length : e = (u,v) = d(u,v) = x¢

1 Vie{l,...,k}, Vr € Ps

0 Ve € E

*

cross section (area)

pY

)

Vie{l,...,k}, Ve€E, e=(u,v)

vie{l,..., k}



Priprava $tidia matematiky a informatiky na FMFI UK v anglickom jazyku ITMS: 26140230008

Min-Multi-Cut: 4 In(2k)-approximation

m < 4In(2k)mg < 41In(2k)m
ball with radius p  B,(v) = {u € V/ | d(u,v) < p}
inner edges  &,(v) = {(w,z) € E] | w,z € By(v)}
edge boundary  €,(v) = {(w,z) € E} — £,(v) | w € Bp(v) V z € By(v)}
ball volume — Vj(v) = ¥ + X, yee, (v) Ww,2) d (W, 2)+

Z(W,z)gfp(v) W(w,z) (p — min(d(v, w), d(v, 2)))

overall volume — W:=3%7 . cgwed(u,v)=myg

cost  Cp(v) = Z 2)€E,(v) Ww.2)

unit cost  Fp(v) = £
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Min-Multi-Cut: 4 In(2k)-approximation

Priprava $tdia matematiky a informatiky na FMFI UK v anglickom jazyku

F,(v) < 2In(2k)

Vvip <1/2:
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iterated rounding: Generalized-Assignment

Ji Jo J3 Jy

minimize > Xiicij
(i.J)€E
subject to Sx o= 1 vjeJ
ieM
Z tijxij < T vieM
jed

xj € {0,1} YieM,VjeJ
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iterated rounding: Generalized-Assignment

Ji Jo J3 Jy

minimize > xjc
(i,j)EE
subject to Sx o= 1 vjeJ
ieM
Z tijxij < T vie M
jeJ
xj >0 VieM,VjedJ
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iterated rounding: Generalized-Assignment

ITMS: 26140230008

optimal basic solution x, s.t. 0 < xj < 1 => there is i € M’, s.t. either
> deg(i) < 1or

> deg(i)=2and 3, ,x; > 1

basic solution x, s.t. xj > 0 = there is M’ C M', |M"'| = |E| — |J|:
vie M’ : Z tijxij = T;
Jj€J

M, M, M3 max_{c'x | Ax = b, x > 0}
x€ERO

-3

—9 1 1 1 0 0 0 1
-3 30 0 0 1 0 0 T

c = A= b =

0 o 10 o]0 1 o0 T
0 o 0o 3|0 0o 1 T
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iterated rounding: Generalized-Assignment

optimal basic solution x, s.t. 0 < xj < 1 => there is i € M’, s.t. either
> deg(i) < 1or

> deg(i)=2and 3, ,x; > 1

basic solution x, s.t. xj > 0 = there is M’ C M', |M"'| = |E| — |J|:
vie M’ : Z tijxij = T;
Jj€J

j€d ieM iem’
2 - 2

> deg(j) + 3 deg(i) %deg(i)+ 2 deg(i)
> J

I+ M7 = |E| = 2 [+ M) 2> ]+ (M
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iterated rounding: Generalized-Assignment

1 M :=M,Vi: T;:=T, F:=0 (F is the set of assigned edges)

2 while J # 0
3 let x be the optimal sol. of the relaxed program,
perform one of the following:
4a if 3x; =0,
remove edge (i, j) from G
4b if 3 x; =1,
F=FU{(i)}J=J\{} Ti=Ti—t;
4c else let i € M’ s.t. deg(i) < 1 or deg(i) = 2 and Z-EJX,'I' >1

M = M {i} ’
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iterated rounding: Generalized-Assignment

1 M :=M,Vi: T;:=T, F:=0 (F is the set of assigned edges)
2 while J # 0

3 let x be the optimal sol. of the relaxed program,
perform one of the following:

4a if 3x; =0,
remove edge (7, /) from G
4b if I x; =1,

Fm FULGL)} J= I\ U} = Ti —
4c elselet i € M st. deg(i) < 1or deg(i) =2and 35, x; > 1
M= M {i}

while i€ M: T+ F g < T

machine j removed from M’ in round £ (line 4c):
1. deg(i) < 1: timeof i < Fjp+tj < Tje+ Fio+tj < 2T
2. deg(i)=2and 37, ,x; > 1 timeof i < Fjp + tj + tj
tijy Xy + tipXiy < Tio = Fie < T — tj Xjp — tip X,
time is at most
T — tj X — tip X, + tj + ti
T+ (L =)ty + (1 — xip) tip
T+ (1 7X,‘]'1)T+ (1 = X,'jZ)T

T(3 — Xijp — X,'jz) 2T

A A IA A



Priprava $tidia matematiky a informatiky na FMFI UK v anglickom jazyku ITMS: 26140230008

randomized rounding: Max-Sat

F=GANGAN---NCph C,':/;,lvl,‘,gV‘”VI,"kC' cost w(C[)

Maximize the cost of satisfied caluses.

Simple randomized algorithm A1: every variable with probability 1/2
> Z:= 3" wj, every clause has s(C;) > k literals
> E [2:11 ‘”"Xi] =X L wBX] =30 wiPr[X =1] =31, w,—(l - 2_S(Ci)> >(1-27%z

> derandomization
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randomized rounding: Max-Sat

F=GANGAN---NCph C,-:/,',lvl,»,z\/-»-v/,-,kc, cost UJ(C[)

Maximize the cost of satisfied caluses.

Simple randomized algorithm A1: every variable with probability 1/2
> Z:= 3" wj, every clause has s(C;) > k literals
> E[SR wiX] = T wBX] = £ wiPr(X = 1] = ©2 wi(1-2749) > 1 -27%)z

> derandomization
Algorithm A2 for short caluses based on LP
m
maximize Y w;z
i=1
subject to e+ > A-p) = z Vi=1,...,m

ject jecT

z,pi € Z
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randomized rounding: Max-Sat

F=GANGAN---NCph C,-:/,',lvl,»,z\/-»-v/,-,kc, cost UJ(C[)

Maximize the cost of satisfied caluses.

Simple randomized algorithm A1: every variable with probability 1/2
> Z:= 3" wj, every clause has s(C;) > k literals
> E[SR wiX] = T wBX] = £ wiPr(X = 1] = ©2 wi(1-2749) > 1 -27%)z

> derandomization

Algorithm A2 for short caluses based on LP

m
maximize Y w;z = Zz',p! — probability
i=1
subject to e+ > A-p) = z Vi=1,...,m
ject jec
z,pp =2 0
zi,pi < 1
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randomized rounding: Max-Sat

Algorithm A2 for short caluses based on LP

maximize Y w;z = z/,p/ — probability
=1
subject to S+ > 1-p) > z Vi=1,...,m
ject jec
z,pi > 0
zi,pi < 1
Prix;=1 = 1- [Ta-p) [] #

Y

%

jec;t jec
* *\ S(G
1 Zje(_‘i*(lfpj)‘i’zj'eci— P_,' ( )
s(G)
s(G)

(s Yject Pl 2jec- 1= pf)
_( - s(Ci) )
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randomized rounding: Max-Sat

zZ!

Pr[X,-:l]Zl—(l—
S

g = 1-(1-2) |
g() = (1- %)k_l ge(1).
gl(z) = _::i (1— z)kd »

s =g =1-(1- 1)

Pr[X; = 1] > gy(c,y(1) - 2 = B(s(Ci)) - 2

0
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randomized rounding: Max-Sat

take better of the two algorithms

m 1 m .
Adet(F) > > w; (1 - W) A2det(F) > ,Z:;w,ﬂ (s(C)) z

i=1

max{Aldet(F), A2det(F)}

0.9

(Aldet(F) + A2det(F))

S ((1- g ) +ots(cnz )

i=1 0.7

(1= 5h7) +BGs(C)
2

0.8

0.6

vV
gk
£
N

ot
/-~
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LP duality

minimize f(x1, x2, x3) := 10x3 + 3x2 + 5x3

subject to
6bx1+ x2o— x3 > 2
2x1+2x0+6x3 > 8
6x1 +3x2 +5x3 = 30
x1,x2,x3 > 0
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LP duality

minimize f(x1, x2, x3) := 10x1 + 3x2 + 5x3

subject to
6x1+ x20— x3 > 2
2x1 +2x2 +6x3 > 8
6x1 +3x +5x3 = 30
x1,x2,x3 2> 0

maximize g(y1,y2,y3) :=

subject to

6y1 + 2y2 + 6y3
y1+2y2+3y3
—y1+6y2 +5y3
Yi,y2

2y1 + 8y> + 30y3

(AVARVARRVARRVAN

10
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LP duality

minimize f(x1, x2,x3) := 10x1 + 3x2 + 5x3 maximize g(y1, y2,y3) := 2y1 + 8y2 + 30y3

subject to subject to
6x1+ xx— x3 > 2 6y1 +2y2+6y3 < 10
2x1+2x +6x3 > 8 yi+2y2+3ys <
6x1 +3x +5x3 = 30 —y1+6y> +5y3 <
x1,x2,x3 > 0 Yy 2

. T T T
: > > : < >
(P) xn;lugn{cx|Ax_b,x_0} (D) yrrg])@);n{by|Ay_c,y_O}
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LP duality

minimize f(x1, x2,x3) := 10x1 + 3x2 + 5x3 maximize g(y1, y2, y3) =

6y1 +2y> + 6y3
y1+2y2 +3ys
—y1+6y2 + 5y3

subject to subject to
6x1+ x20— x3 > 2
2x1+2x0+6x3 > 8
6x1 +3x +5x3 = 30
x1,x2,x3 2> 0

. T
: > >
(P) x"gngn {c x| Ax > b, x_O}

Y1, Y2

c'x> (AT >Tx:yTAx2yTb

2y1 + 8y> + 30y3

(AVARVARRVARRVAN

10

(D) : maxc {py 1Ay <e, ¥y >0}
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LP duality

primal program

dual program

minimize c’x

n
i-th constraint Z ajxj = b;
j=1
n
i-th constraint Za’ij > b;
j=1
j-th variable xj € R

Jj-th variable xj >0

maximize b’y

i-th variable yieR

i-th variable yi>0
m

J-th constraint Z ajjyi =

Jj-th constraint Za,-jy,-
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strong duality — sketch

given aj, c, find max. «, s.t. ac is in convex hull

n
ac = zja1 + -+ - + zpan, s.t. Zz,-:l

n i=1 n
zj 1
yj == y; >0 Zyj:f ac:aZajyj.
@ =1 @ =1

(P) min, {lTy |ATy =c, y> 0}
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strong duality — sketch

given aj, c, find max. «, s.t. ac is in convex hull

n
ac = z1a1 + - -+ + zpay, s.t. Zz,-:l

n i=1 n
zj 1
yjz—j y; >0 E yj=— ac:ag ajy;.
@ j:l @ j:l

(P) min {lTy |ATy =c, y> 0}
(D) max {ch | Ax < 1}

XeRm

Hx ={y | (x,y) =1} a=—

‘as
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strong duality — sketch

o T T T
min 41 Ay=c > 0} = max {c x| Ax < 1}
yeIR"{ yIAy=c y2> T | Ax <

(P) ynéiﬂgn {bTy |ATy =¢, y > 0} (D) Jnax. {ch | Ax < b}
1
a] =52 yj =bjy;

n m m yl

bly=> by =1"y' D= aibi

j=1 j=1 Jj=1 J

: T,/ It ’ T/ 1T o1

(P) min {1y’ |A'y’=¢c, y' >0 (D) max qc'x’ |A ' x' <1

y’'ern x/ erm
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Max-Flow Min-Cut as dual problems

maximize f
subject to > X — Xys — F
u(s,u)€E u:(s,u)€E
Z Xut — Z Xey +
u:(t,u)EE u:(s,u)€EE

u:(u,v)EE u:(u,v)EE

IN A

[\

Vv € V — {s, t}

V(u,v) € E
Y(u,v) € E
V(u,v) € E
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Max-Flow Min-Cut as dual problems

minimize > (zuv + zw) cv
(u,v)EE
subject to yvi—ys = 1
Ww—Yutzw > 0 V(u,v) € E
Yo—w+zm = 0 V(u,v) € E
Zw,z2w = 0 V(u,v) € E
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Max-Flow Min-Cut as dual problems

minimize > (zuv + zw) cv
(u,v)EE
subject to yvi—ys = 1
Ww—Yutzw > 0 V(u,v) € E
Yo—w+zm = 0 V(u,v) € E
Zy,2w > 0 Y(u,v)€EE
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slackness conditions

< min {eT > > : Ty | ATy < >
(P) : min {c'x | Ax > b,x > 0} (D) yrg%{b y|Aly <ecy >0}

T
CTX* > (ATy*) x* = y*TAX* > y*Tb
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slackness conditions

< min {eT > > : Ty | ATy < >
(P) : min {c'x | Ax > b,x > 0} (D) yrggggn{b y|Aly <ecy >0}

ch*(:) (ATy*>T x* = y*TAx*=y*Tb
n

®: Sor =3 [ATy*] %
j=1

j=1 !
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slackness conditions

reT T T
: > > : < >
(P) : min {c'x | Ax > b,x > 0} (D) ynégggn{b y|Aly <ecy >0}
T
cTX*(:) (ATy*> x* = y*TAX*:y*Tb
n n
@) Do =3 [ATy*] 5
j=1 j=1

» primal slackness:
m
V1<,j<n: either x;=0 or Zaij}’i:Cj
i=1
» dual slackness:

n
V1<i<m: either yy =0 or Za,-jxj-:b,-
j=1
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primal-dual method

Max-W-Bipartite-Matching

maximize ) weXe

ecE
subject to 3 oxe <1 VvevVv
ecE
e=(v,w)
xe > 0 Vee€ E

What happens for non-bipartite graphs? xe € 7
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primal-dual method

Max-W-Bipartite-Matching

maximize ) weXe
eckE

subject to 3 oxe <1 VvevVv
ecE
e=(v,w)

xe > 0 Vee€ E
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primal-dual method: Min-Perfect-Matching

minimize Y wexXe
ecE

> oxe = 1 YvevV
&

xe € {0,1} Vec E
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primal-dual method: Min-Perfect-Matching

minimize Y weXe

ecE
> oxe =1 YveVv
e€s({v})
3 oxe > 1 vSes
e€s(S)
xe > 0 Ve € E
8(S) ={ec€cE|le=(uv),ues, veV\S}

¥  ={SCV] S| >1,|S| odd}



Priprava $tidia matematiky a informatiky na FMFI UK v anglickom jazyku

ITMS: 26140230008

primal-dual method: Min-Perfect-Matching

primal program

minimize ) wexXe

eckE
oxe =1 YveVv
e€s({v})
S oxe > 1 vSes
ecd(S)
Xe > 0 Vee€ E
6(S) ={e€E|e=(uv), ues, ve

7 ={SCV]| |S5>1,|S| odd }

dual program

maximize », rn+ Y. ws
vev Se#

ru+n+ Y ws < owe
Se
e€s(S)

ws > 0

Ve = (u,v) € E

vSes
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primal-dual method: Min-Perfect-Matching

minimize Y weXe

ecE maximize >, rn+ Y. ws
vev Ses
S oxe =1 Vv eV
ees({v}) rt+rn+ > ws < we Ve = (u,v) € E
S x > 1 VSes ei(s)
e€4(S) ws > 0 vSe.s
Xe > 0 Veec E

erweg Z Xe(ru+r + Z Ws):Z(rV Z xe)+z < xe> gz V+Z ws
ecs(S)

ecE eckE Ses veV  ecd({v}) Ses
e=(u,v) e€s(S)

slackness conditions
Sl(b) Ve=(u,v)EE: x>0=>r+n+ Z ws = w(e)
se.

ecs(S)

S2(0) VSeSL: ws>0= Y x=1
e€s(S)



primal-dual method: Min-Perfect-Matching
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primal-dual method: Min-Perfect-Matching

@@
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primal-dual method: Min-Perfect-Matching

flower

non-zero outer bubble ws
a root vertex

odd number of inner flowers paired in dumbells

Yy vy VvYy

cyclically connected with full edges
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primal-dual method: Min-Perfect-Matching
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primal-dual method: Min-Perfect-Matching

(P1) Green bubble drops to zero.
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primal-dual method: Min-Perfect-Matching

(P2) Edge e between an even-level flower K and a dumbell H is filled.
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primal-dual method: Min-Perfect-Matching

(P3) Edge between two flowers K and H in the same tree is filled.
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primal-dual method: Min-Perfect-Matching

(P4) Edge e between two flowers K and H in different trees 71 and 75 is filled.

V v 3 alternating path to the flower-root, starting by matching egde, and ending by non-matching
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primal-dual method: Min-Perfect-Matching

(P1) Green bubble drops to zero.

(P2) Edge e between an even-level flower K and a dumbell H is filled.

(P3) Edge between two flowers K and H in the same tree is filled.

(P4) Edge e between two flowers K and H in different trees 7; and 75 is filled.

O(n?) iterations

> O(n) iterations of (P4)

> between two interations of (P4):

O(n) bubbles overall

safe bubble: sometime was outer bubble on " 4" level
safe bubble is never destroyed

(P1), (P2), (P3) create at least one safe bubble

v

vyvyy
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relaxed slackness conditions

< min {eT > > : Ty | ATy < >
(P) : min {c'x | Ax > b,x > 0} (D) ynégggn{b y|Aly <ecy >0}

» primal slackness:
m
V1<,j<n: either x;=0 or Zar‘j}’i=5j
i=1
» dual slackness:

V1<i<m: either yy =0 or Za,-jxj':b,-
j=1
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relaxed slackness conditions

< min {eT > > : Ty | ATy < >
(P) : min {c'x | Ax > b,x > 0} (D) ynégggn{b y|Aly <ecy >0}

» primal slackness:
m

V1<j<n: either x; =0 or ¢/« SZaUy/SCj
i=1

» dual slackness:

V1<i<m: either yy =0 or b;gZa,-jxj-S Bb;
j=1

n n m m n m
c'x=) <> a (Z 3,'jyi> p<aY yi| D> ax | <aBd yibi=aBb'y
=1 =1 \i=1 =1 \j=1

i=1
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Min-Vertex-Cover revisited

minimize Y wyxy

vev
subject to xy+x, > 1 Ve = (u,v) € E
x, > 0 YveVv
xy, € 7
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Min-Vertex-Cover revisited

Q1
O 2
@ 13
primal program dual program
minimize Y wyx, maximize Y. ye
vev ecE
subject to Xy +x, > 1 Ve € E subject to S ove < wy YueV
€E
x > 0 VYveV )
Ye > 0 Vec E
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Min-Vertex-Cover revisited

primal program

minimize Y wyx,

vev
subject to Xy +x, > 1 Ve € E
x, > 0 Vv evVv
slackness conditions
S1 Vv e V:

S2 Ve=(u,v)€EE:

dual program

maximize

subject to

> ve

eckE

S ove < wy YueV
e=(u,v)

Ye

\Y%

0 Ve c E

x, > 0= Z Ye = Wy

ecE

e=(u,v)

Ye>0=x,+x, =1
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Min-Vertex-Cover revisited

primal program

minimize Y wyx,

vev
subject to Xy +x, > 1 Ve € E
x, > 0 Vv evVv
slackness conditions
S1 Vv e V:

S2 Ve=(u,v)€EE:

dual program

maximize

subject to

> ve

eckE

S ove < wy YueV
e=(u,v)

Ye

\Y%

0 Ve c E

x, > 0= Z Ye = Wy

ecE

e=(u,v)

Ye > 0= x, +x, <2



weaker than relaxed slackness: Min-Steiner-Forest

connectivity requirements r(u,v) € {0,1}

JueS,veV\S: r(u,v)=1

If there is an outgoing edge from each hungry set = feasible solution



Priprava $tidia matematiky a informatiky na FMFI UK v anglickom jazyku ITMS: 26140230008

weaker than relaxed slackness: Min-Steiner-Forest

primal program dual program
minimize Y wexXe maximize Y, ysf(S)
eckE SCv
3 xe > f(S) VSCV > ¥vs < we Ve€eE
ecé(S) S:e€d(S)
xe > 0 Ve € E ys > 0 vVSCV
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weaker than relaxed slackness: Min-Steiner-Forest

primal program

minimize Y wexXe

eckE

> Xe

ecé(S)

Xe

slackness conditions

(Y

v

S1

S2

0 Vee€ E s

dual program

maximize

f(S) VSCV >

5
IA
3
o

vV
o

Ve€E: xe>0= >  ys=uwe

S:e€3(S)

VSCV: ys>0=

Z Xe = f(S)

ecs(S)
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weaker than relaxed slackness: Min-Steiner-Forest

primal program dual program
minimize Y wexXe maximize Y ysf(S)
ecE scv
3 xe > f(S) VSCV > ¥vs < we Ve€eE
ecé(S) S:e€d(S)
xe > 0 Vee€ E ys > 0 vVSCV

slackness conditions

S1 Ve€E: x>0= > ys=uwe
S:e€5(S)

S2 VSCV: ys>0= > x<2f(S)
e€s(S)
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weaker than relaxed slackness: Min-Steiner-Forest

unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets
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weaker than relaxed slackness: Min-Steiner-Forest

unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)
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weaker than relaxed slackness: Min-Steiner-Forest

unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)
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weaker than relaxed slackness: Min-Steiner-Forest

unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)

5
5
@
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weaker than relaxed slackness: Min-Steiner-Forest

unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)

5
5

postprocessing: prune result
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weaker than relaxed slackness: Min-Steiner-Forest

unhappy set: hungry, but no outgoing edge

increase minimal (w.r.t. inclusion) unhappy sets (connected components)

postprocessing: prune result
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weaker than relaxed slackness: Min-Steiner-Forest

algorithm

1 F:=0,y;3:=0forallveV
2 while there is an unhappy connected component induced by edges from F

3 increase ys for all S corresponding to unhappy sets from F until some edge e is tight
4 F:=FUe

5 F .=F
6 for each edge e € F
7 if F — {e} is feasible solution F’ := F’ — {e}

Observation: F is acyclic = pruning maintains feasibility
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weaker than relaxed slackness: Min-Steiner-Forest

algorithm

1 F:=0,y;3:=0forallveV
2 while there is an unhappy connected component induced by edges from F

3 increase ys for all S corresponding to unhappy sets from F until some edge e is tight
4 F:=FUe

5 F .=F
6 for each edge e € F
7 if F — {e} is feasible solution F’ := F’ — {e}

primal program dual program
minimize Y wexXe maximize Y, ysf(S)
eckE SCv
3 xe > f(S) VSCV > ¥vs < we Ve€eE
e€é(S) S:e€d(S)
xXe > 0 Vec E ys > 0 VSCV

Theorem

D we <2 ysf(S)

eeF! scv



weaker than relaxed slackness: Min-Steiner-Forest

Theorem
Swe<2> ysf(S) =2 ys

ecF/ scv scv

dDlwe=>" < > ys) = ZdEgF/(s))’sé2Zys
)

ecF’ ecF/ \S:e€d(S Sscv scv
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weaker than relaxed slackness: Min-Steiner-Forest

Theorem

Swe<2> ysf(S) =2 ys

ceF! scv sCv

zwe—z( > ) :zdemsm;zzys

ecF/ ecF! \S:e€s(S) scv sCcv

Z degp/ 5) < 20|
se#y

®>/®
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variations on Min-Cut: a theme
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first variation: Min-Multiway-Cut

Given are G = (V,E), w: E —~ RT, and k vertices s, ..., 5.

Find a minimal cut that disconnects all pairs s;, s, i # .




Priprava $tidia matematiky a informatiky na FMFI UK v anglickom jazyku ITMS: 26140230008

first variation: Min-Multiway-Cut

k

ALG < zk:a(o,-) - Xk:B(D;)fa(Dj) < (1 = %) zk:B(D") = (1 - %) 2 GlE) =2 (1 - %) .
i=1

i=1 i i=1 i=1
i# T W

minimal s;-separating cut component of the optimal solution
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second variation: Min-k-Cut

Given are G = (V,E), w: E — RT, and a number k.

Find a minimal cut that results in > k components.
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Gomory-Hu trees

Given G = (V,E), w: E — R*. size of the cut in G defined by removing e’ from T

GHT is a tree T = (V, E’) with w’/¥ E' — R*:

1. Ve’ € E' : w'(e') =0¢(cutr(e’))
2. Yu,v e V: fe(u,v) = fr(u,v)
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Gomory-Hu trees

Given G = (V,E), w: E — R*. size of the cut in G defined by removing e’ from T
GHT is a tree T = (V, E’) with wﬂ_\

1. Ve’ € E' : w'(e') =0¢(cutr(e’))
2. Yu,v e V: fe(u,v) = fr(u,v)

Algorithm: splitting bags
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Gomory-Hu trees

Given G = (V,E), w: E — R*. size of the cut in G defined by removing e’ from T
GHT is a tree T = (V, E’) with wﬁ

1. Ve’ € E' : w'(e') =0¢(cutr(e’))
2. Yu,v e V: fe(u,v) = fr(u,v)

Algorithm: splitting bags

Invariant
ve= (s, s)

M:{veV|3SeEcut (e): veS}
3 2 witnesses x € SI.(t), y € Sj(t);

> w(e) = fo(x,y)
» M is minimal x — y cut in G.
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Gomory-Hu trees

Given G = (V,E), w: E — R*. size of the cut in G defined by removing e’ from T
GHT is a tree T = (V, E’) with w’/¥ E' — R*:

1. Ve’ € E' : w'(e') =0¢(cutr(e’))

2. Yu,v e V: fe(u,v) = fr(u,v)

Invariant

Ve= (51.“)7 SY)>
M:{veV|3Se€cut y(e): veS}

3 2 witnesses x € S\, y € Sj(t);

1
> w(e) = fo(x,y)
» M is minimal x — y cut in G.

after finishing = GHT

1. Ve’ € E' : w'(e') = dg(cutr(e’)) «+ from the invariant

2. Yu,v € V: fg(u,v) = fr(u,v)
> either (u,v) € E’ + from the invariant
> or (u,v) € E' + 777
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Gomory-Hu trees

Given G = (V,E), w: E — R*. Invariant
— (s g(®
GHT is a tree T = (V, E') with o’ : E/ — R*: Ve*(si S )
’ ’ . ey ’
L W E s wile) = Sl e M:{veV|3SEcut(e): veES}H
2. Yu,v e V: feu,v) = fr(u,v)
3 2 witnesses x € S,.(t), y € Sj(t):
> w'(e) = fol(x,y)
» M is minimal x — y cut in G.

€min

fr(u, v) = w'(€min) = ¢ (cutr(emin)) > fe(u, v)
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Gomory-Hu trees

Given G = (V,E), w: E — R*. Invariant
— (s g(®
GHT is a tree T = (V, E') with o’ : E/ — R*: Ve*(sf S )
’ ’ . ey ’
L W E s wile) = Sl e M:{veV|3SEcut(e): veES}H
2. Yu,v e V: feu,v) = fr(u,v)
3 2 witnesses x € Sft), y € S}t):
> w'(e) = fol(x,y)
» M is minimal x — y cut in G.

€min

fe(u, v) > min{w’ (wo, w1), ..., w (We—1, wz)} = @ (emin) = fr(u, v)

Lemma

fe(vi, vz) > min{fc(v1, v2), fo(va, v3), ..., fe(vz—1, vz)}
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Gomory-Hu trees: how the splitting is made
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Gomory-Hu trees: how the splitting is made




riprava $t(dia matematsi iky a informatiky na FMFI UK v lickom jazyk

a angli zyku
Gomory-Hu trees: how the splitting is made
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Gomory-Hu trees: lemma about cuts

Let S be minimal r — s cut, and s,v,w € S.

There is a minimal v — w cut T C S.
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Gomory-Hu trees: lemma about cuts

Let S be minimal r — s cut, and s,v,w € S.

There is a minimal v — w cut T C S.

any v—wcut X,st. SNX #0

A= d(S) + d(X)
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Gomory-Hu trees: lemma about cuts

Let S be minimal r — s cut, and s,v,w € S.

There is a minimal v — w cut T C S.

any v—wcut X,st. SNX #0

A= d(S) + d(X)

case l: r € X
B:=9(5—-X)+09(X —S5) 1 0
(S — X)+9(X —S) <a(S)+ a(X)
(X —S) > 9(S)
(S —X) <I(X)=S — X ismin. v— w cut
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Gomory-Hu trees: lemma about cuts

Let S be minimal r — s cut, and s,v,w € S.

There is a minimal v — w cut T C S.

any v—wcut X,st. SNX #0

A= d(S) + d(X)

case 2: r € X
B:=9(SUX)+0(SnX)
A(SUX)+ (SN X) <a(S)+ a(X)
a(SUX) > 9(S)
(SN X) <9(X)= SN X is min. v— w cut
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Gomory-Hu trees

lemma
Let S be minimal r — s cut, and s, v,w € S. There is a minimal v — w cut T C S.

Invariant
Ve= (5,.(t), Sjt)) 3 2 witnesses x € 5,.(t), y € Sj(t):

> w'e) = folx,y)
» M is minimal x — y cut in G.

lemma = the cut does not separate subtrees = is min. cut in G




RNy
Gomory-Hu trees

Let S be minimal r — s cut, and s, v, w € S. There is a minimal v — w cut T C S.

Ve= (S,.(t), Sﬁt)) 3 2 witnesses x € Sl.(t), y € S}t):
> w'(e) = fe(x,y)
» M is minimal x — y cut in G.

> fc(ai,x) < fc(ai, si)
> contract S, = G

S\

fe(ai, x) = fe(ai, x)

fe(ai, x) 2 min{fs(x, 9), fa(ai, 9)}
fe(ai, 9) 2 fo(ai, si), fo(x, 9) = fe(x,y)
fe(x,y) > fe(ai, si)
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second variation: Min-k-Cut

Given are G = (V,E), w: E — RT, and a number k.

Find a minimal cut that results in > k components.

Algorithm: union of k — 1 cheapest edges of Gomory-Hu tree

Cs

Cs Cl
Co
Co
Cy
04 CJ
k=1 . there are k — 1 edges from GHT, such that
ALG < w'(e;
<2 W) ' (6f,) < 96(C)

k
2-0PT = 09c(C;)
i=1



